Abstract-We study the feedback classification of discretetime control systems whose linear appmximation around an equilibrium is controllable. We provide a normal form for systems under investigation.
I. INTRODUCTION
The method of normal forms has been a useful approach in studying the dynamical systems. This method, first introduced by Poincare in his Ph.D. thesis (see [lSl) , has been successfully applied by the author to vector fields (differential dynamical systems) and maps (discrete-time systems), in order to provide a change of coordinates in which the system is in a "simplest" form (see also [I] ).
For continuous-time control systems with controllable linearization, quadratic normal for& were obtained in 1141 using change of coordinates and feedback. This result has been generalized to normal forms of any degree in [13] . Later on, normal forms for control systems with uncontrollable linearization has been derived [12] , [16] , [ZO] , [221. Quadratic and cubic normal forms for discrete-time control systems has been treated in [21, [61, 191, [171. Although this method is formal, it has several applications in control theory. It has been used for the stabilization of systems with uncontrollable linearization, in continnous and discrete-time [4], [7] , [5] , [8] , [IO] , [16] , [17] . It has led to a complete description of symmetries around equilibrium
[19], [26] , and allowed the characterization of systems equivalent to feedforward forms [231, [241, [251. In this paper, we propose a normal form, at any degree, for discrete-time control systems whose linearization is is a homogeneous polynomial of degree m. We consider the problem of transforming the discrete-time nonlinear control system
for any k E N, by a feedback transformation of the form 2 = 4(z)
&>U, = f(4-%)>7(%U)) ' to a simpler form. The transformation T brings n to the system whose dynamics are given by
We suppose that (0,O) E R" x W is an equilibrium point, that is, f(0,O) = 0, and we denote by
The paper is organized as following: Section ll deals with its linearization at this point, where basic definitions. In Section JlI, we construct a normal form for discrete-time nonlinear control systems whose
We will assume that this linearization is controllable, that is h e a r approximation is controllable. The proofs are given in Section IV. into the BrunOvs!@ canonical form (see [ 111) ngb : z+ = A~ + B~.
Then we study, successively for m 2 2, the action of the homogeneous feedback transformations (z,u) on the homogeneous systems IIlml : z+ = Ax + B u + f'"I(x, U) .
(4)
Let us consider another homogeneous system film] : 2' = Ar + Bu + j["l(r, U ) . hold for all 1 5 j 5 n -1.
M A I N RESULTS.
In this section we will establish OUI main results. Let us denote the control by u = r,+l, and for any 1 5 i 5 n+ 1, z; = (21 ,... ,2,).
Our main result for discrete-time nonlinear control systems with controllable linearization is as following. where X I denotes the length of the pendulum, x2 its velocity, x 3 the angle of the pendulum with respect to the horizontal, z 4 its angular velocity, and g the gravity constant. We discretize the system by taking 
IV. PROOFS
In this section we will prove our main result. Before let us state the following useful lemma. Lemma4.1: Ifh["'l(r,u) =hlml(rz,... ,zn,u)isahomogeneous polynomial depending exclusively on the variables 2 2 , . . . , zn and the control U, then there is a unique homo-
The proof of this lemma is straightforward, and hence will be omitted.
A. Proof of Theorem 3.2
The proof will be constructive and based on a inductive argument. Let ns consider the system I @ ] given by H [~I ( A~ + B~) = hlml(z,u).
2:
= 2 2 + f p ( 2 , U )
Applying the feedback U = U + fAm'(z,u). we can annihilate the terms f,!"'](z, U), and hence we can assume that p " ' 2 , a) = 0.
Let us suppose that for some 1 I j 5 n -1, the system (7) has been taken to the form
:
= 2 2 + f p " l 2 , U ) 2: Applying Proposition 2.1, we easily deduce that the transformation Tm whose components are given by (9)-(10) takes the system (8) into the form 2: 
